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a b s t r a c t

We present a data processing algorithm for angular reconstruction and event selection applied to 2-D photoelec-
tron track images from X-ray polarimeters. The method reconstructs the initial emission angle of a photoelectron
from the initial portion of the track, which is obtained by continuously cutting a track until the image moments or
number of pixels fall below tunable thresholds. In addition, event selection which rejects round tracks quantified
with eccentricity and circularity is performed so that polarimetry sensitivity considering a trade-off between the
modulation factor and signal acceptance is maximized. The modulation factors with applying track selection are
26.6 ± 0.4, 46.1 ± 0.4, 62.3 ± 0.4, and 61.8 ± 0.3% at 2.7, 4.5, 6.4, and 8.0 keV, respectively, using the same data
previously analyzed by Iwakiri et al. (2016), where the corresponding numbers are 26.9±0.4, 43.4±0.4, 54.4±0.3,
and 59.1 ± 0.3%. The method improves polarimeter sensitivity by 5%–10% at the high energy end of the band
previously presented (Iwakiri et al. 2016).

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Recent progress in micropattern gas detectors enables us to sensi-
tively track charged particles with energies down to 1 keV. The angular
distribution of photoelectrons is sensitive to the electric field vector
(or polarization direction) of incident photons. Since the photoelectric
effect is the dominant interaction of X-rays, the micropattern gas
polarimeter is expected to open up a new window in cosmic X-ray
polarimetry.

The angular distribution, 𝑑𝜎∕𝑑𝛺, of the K-shell photoelectron emis-
sion in the non-relativistic region is theoretically given by:

𝑑𝜎
𝑑𝛺

∝ sin2𝜃
(1 − 𝛽 cos 𝜃)4

cos2𝜙, (1)

where 𝛽 is the ratio of the photoelectron velocity to the speed of light,
𝜙 is the azimuth angle of the X-ray electric vector, and 𝜃 is the polar
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angle with respect to the incident X-ray direction (e.g. Ref. [1]). Since
the angular distribution is represented by the product of independent
functions of 𝜃 and 𝜙, a 2-D photoelectron track projected onto a plane
perpendicular to the incident X-ray direction is sufficient to measure
the X-ray polarization direction. The projected distribution is given
by cos2𝜙, meaning that the modulation factor, defined as the ratio of
sinusoidal amplitude to unmodulated offset, is intrinsically 100% for all
𝜃 in the photoelectric effect.1

Two major types of micropattern gas polarimeters have been de-
veloped to image the photoelectron track with sufficient resolution to

1 This is a simpler case than for a Compton scattering polarimeter where the intrinsic
modulation factor approaches zero for forward and backward scattering; this situation
requires 3-D tracking of the scattered X-rays to achieve the maximum polarization
sensitivity (e.g. Refs. [2,3]).
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determine the emission angle: a position-sensitive detector with a 2-D
readout system called the gas pixel detector (GPD) [4,5] and a position-
insensitive but more efficient polarimeter with 1-D strip electrodes using
the time projection chamber (TPC) technique [6,7]. In the GPD, the
photoelectron track drifts parallel to the original direction of the photon,
while in the TPC the drift is perpendicular. This difference enables
imaging of astronomical sources in the GPD and higher efficiency in
the TPC. Despite this fundamental difference, both the GPD and TPC
produce 2-D tracks. In both polarimeters, an algorithm to reconstruct
the initial angle of photoelectrons derived from a 2-D track image
is essential to maximize polarimetry sensitivity (e.g. Ref. [6] for the
TPC and Refs. [8,9] for the GPD). The new algorithm described here
extends and improves our previous method in Ref. [6]. In addition, it
adopts measured data-driven approach, while the method in Ref. [8]
needs helps with a Monte Carlo simulation to know the real interaction
position and bring a reconstructed position close to it.

This paper describes the angular reconstruction and track selection
for 2-D images with image moments and its verification using exper-
imental data from the TPC polarimeter we have developed [7]. The
method is applicable to the other photoelectric polarimeters, such as
the GPD polarimeter with hexagonal pixels. Section 2 briefly reviews
the polarimeter and the experimental setup. We describe the angular
reconstruction in Section 3 and the track selection in Section 4, and
lastly, conclude the study in Section 5. Throughout this paper, all errors
are given at the 1𝜎 confidence level unless otherwise stated.

2. Experimental setup and track images

The TPC polarimeter we have developed for measuring linear polar-
ization of cosmic X-rays is capable of taking a 3.6-mm square image
divided into 30-by-30 pixels to track a photoelectron induced by an
incident X-ray. Pure dimethyl ether (DME) is sealed as target gas at
a pressure of 190 Torr in the polarimeter chamber. The polarimeter
was tested with linearly polarized X-rays at the X-19A beamline at
the National Synchrotron Light Source facility in Brookhaven National
Laboratory. The details of the measurement setup and data processing
are available in Ref. [10]. Data sets at 10 monochromatic energies (2.7–
8.0 keV) were used in this work, each having approximately 50,000
events. In addition, the polarimeter was irradiated with the X-ray beam
at three different positions, which correspond to the electron drift length
from the interaction point to the nearest readout electrode of 0.6, 0.8,
and 1.0 cm, where the position of the 0.8 cm drift length is designed
to be at the optical axis of the X-ray mirror. The three data sets at each
energy are combined into a single data set and analyzed in the same
manner because the drift length would be unknown in a measurement of
cosmic X-rays. The beam polarization direction was aligned diagonally
with the square image. The beam polarization was separately measured
with a scattering polarimeter and was determined to be 94% [11].

Typical track images taken with 2.7, 4.5, 6.4, and 8.0 keV X-rays
are shown in Fig. 1. Pixels in which the measured signal is less than
three times the noise are set to zero. The electron continuous-slowing-
down approximation ranges at 2.2, 4.0, 5.9, and 7.5 keV, which are
the photoelectron energies calculated by subtracting the K-shell binding
energy of oxygen in DME from the incident X-ray energies, are estimated
to be 0.31, 0.90, 1.8, and 2.7 mm, (or 2.6, 7.4, 15, and 22 pixel),
respectively. They were calculated according to the analytic formula
given in Ref. [12], although it was validated for electrons in condensed
materials. For the lowest energies, and shortest tracks, the images are
dominated by electron diffusion. The standard deviation is estimated to
be 0.15 mm or 1.3 pixel for 0.8 cm drift distance with Magboltz [13].
Above 4.5 keV, tracks are clearly elongated. The high charge density
region corresponds to the Bragg peak at the end of the track. This is
because the electron ionization loss per unit length depends on the
inverse of its energy according to an approximation of the Bethe formula
in the low-energy limit: −𝑑𝐸∕𝑑𝑥 ∝ 𝐸−1, and therefore the charge
distribution tends to be biased along its trajectory. In addition, in the
higher energy range, some of the tracks are curved due to large-angle
scattering of the photoelectron with a gas molecule.

3. Angular reconstruction

An accurate and robust method to reconstruct the initial ejection
angle of a photoelectron from the various track images (see Fig. 1) is
vital to achieve high polarization sensitivity. In digital image processing,
image orientation, 𝛷, having the centroid as its pivot is given by:

𝛷 = 1
2
arctan

(

2𝜇11
𝜇20 − 𝜇02

)

(2)

in general (e.g. Ref. [14]). In the above equation, 𝜇𝑖𝑗 is a centralized
(𝑖, 𝑗)-moment of a 2-D image in which the pixel at (𝑥, 𝑦) has a charge
amount of 𝑄𝑥𝑦:

𝜇𝑖𝑗 =
∑

𝑥

∑

𝑦
(𝑥 − �̄�)𝑖(𝑦 − �̄�)𝑗𝑄𝑥𝑦, (3)

where (�̄�, �̄�) is the charge centroid position. The 𝛷 direction is the
same as the major principal axis of the charge distribution. Although
𝛷 calculated with the atan2 function ranges from −𝜋∕2 to 𝜋∕2, it is
expandable to all angles [−𝜋, 𝜋] by using the sign of the third moment or
skewness, which is sensitive to bias of the charge distribution, along the
major principal axis with respect to the centroid. Fig. 2(a) illustrates an
example of the above track reconstruction hereafter called ‘‘the single-
stage reconstruction’’. It is clear that the single-stage method fails to
accurately reconstruct the initial photoelectron angle for curved tracks
which often appear in the higher energy range.

Since the track direction is randomized by Coulomb scattering with
gas molecules, the charge distribution near the beginning of the track
carries the most information about the initial direction and thus the
photon electric field. In order to improve the estimated track direction
for curved tracks, the image region with the track end should be
disregarded. In the previous works [6,11], we divided the track image by
the minor principal axis, which is perpendicular to the major axis with
respect to the centroid, ignore the half with the track end determined
with the sign of the third moment along the major axis, and calculate
the angle with the remaining half (which includes the interaction point)
from Eq. (2). In the cutting of pixels with their position, a charge amount
in each pixel is assumed to be located at its center. This revised method,
hereafter called ‘‘the two-stage reconstruction’’ and illustrated in Fig.
2(b), is applied to elongated tracks (eccentricity 𝑒 > 0.8), while the
single-stage method is applied to tracks with 𝑒 ≤ 0.8. (Eccentricity is
defined in Section 4.) Further improvement is possible for some tracks;
the improved angle in Fig. 2(b) is closer to the initial direction, but does
not yet account for all of the visible curvature in the first half of the
track.

In order to adaptively remove the curved part of a track image and
keep the beginning without overcutting, we use image moments up to
the second order for not only a grayscale image with 𝑄𝑥𝑦 but also its
binary image created by image thresholding with the same value (three
times the noise) as that described in Section 2. We hereafter distinguish
the two moments by defining 𝜇𝑖𝑗 and 𝜇′

𝑖𝑗 for grayscale and binary images,
respectively. For example, the zeroth moment for a binary track image
is 𝜇′

00 which represents the number of hit pixels. We can calculate the
maximum and minimum of second moments, 𝑀max

2 and 𝑀min
2 , which

corresponds to the standard deviations along the major and minor axes,
respectively, as follows:

𝑀max
2 = 1

2

[

𝜇20 + 𝜇02 +
√

(𝜇20 − 𝜇02)2 + 4𝜇2
11

]

, (4)

𝑀min
2 = 1

2

[

𝜇20 + 𝜇02 −
√

(𝜇20 − 𝜇02)2 + 4𝜇2
11

]

. (5)

The track image is repeatedly cut off in half pixel steps along the major
axis of the entire image until the remaining number of pixels or the
maximum second moment falls below set thresholds. The modulation
factor derived from all the data is the highest when the threshold
condition is set to be

(𝜇′
00 ≤ 23) or (𝑀max

2 ≤ 3.0), (6)
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Fig. 1. Zoo of photoelectron track images acquired with the TPC polarimeter. The images are separately taken and are arranged in a plane of the X-ray irradiation position represented
in the electron drift distance vs. the incident X-ray energy. The readout electronics limit the pixel size to 30 samples in the drift velocity direction; the track images are centered in the
time dimension by the triggering algorithm and limited to 30 samples in the spatial coordinate before being analyzed. The box size in each pixel is proportional to the measured charge.

Fig. 2. Comparison of reconstructed angles using different methods. The track image is from an X-ray at 8.0 keV. The arrows in the panels (a), (b), and (c) represent angles reconstructed
using the single-stage, two-stage, and adaptive cut methods, respectively. The filled and hollow squares represent used and unused pixels to calculate the image moments and reconstruct
the angle 𝛷 of each arrow by using Eq. (2). In panels (b) and (c), the dashed lines, which have the same angle as the minor axis determined with the single-stage method in the panel (a),
split pixels into the above two types.

which is found by scanning the two thresholds at intervals of 1 and
0.1, respectively. The condition controls the remaining track size and
avoids overcutting low-energy and round tracks for which the single-
stage reconstruction without the pixel cut is the best. Fig. 2(c) shows
an example of this reconstruction method named ‘‘the adaptive cut
method’’. Although conditions with 𝑀min

2 and the third moments are
individually added to the above equation, they do not improve the an-
gular reconstruction. When the two threshold values in the condition (6)
change by 10%, the modulation factor varies within 1%. In addition, we
individually maximized the modulation factors derived from each data
set taken with a monochromatic energy at a drift height in the same
manner, and found that the difference of the modulation factor from
that determined with the condition (6) is within 2%. It shows that the
method is robust against the energy and the drift height.

The angular distributions (or so-called modulation curves) deter-
mined with the three reconstruction methods described above are
plotted in Fig. 3. The sinusoidal amplitude, which is proportional to the
polarimetry sensitivity, is clearly improved with the revised methods.
The modulation factor, 𝜇, is calculated by fitting the modulation curve
to a sinusoidal model: 𝐶{𝜇 cos[2(𝜙−𝜙0)]+1}, where 𝐶 is a constant factor
or unmodulated offset and 𝜙0 is the polarization angle. In addition, the

modulation factors at all the energies are corrected with the X-ray beam
polarization of 94%. The obtained modulation factors for 8.0 keV X-
rays are 32.7 ± 0.4, 46.8 ± 0.3, and 56.4 ± 0.3% determined with the
single-stage, two-stage, and adaptive cut methods, respectively. The
modulation factors as a function of the incident X-ray energy are shown
in Fig. 4. The improved method leads to high modulation factors in
the higher energy range above 5 keV. It also provides the monotonical
increase of the modulation factor with the incident X-ray energy, while
the single- and two-stage methods give drops to the higher energy. In
the lower energy range, no drastic improvement is found because the
modulation factor in that band is suppressed by track image blurring
due to electron diffusion (see Fig. 1). The modulation factors determined
with the adaptive cut method are 22.8 ± 0.4, 43.0 ± 0.4, 55.8 ± 0.3, and
56.4 ± 0.3% at 2.7, 4.5, 6.4, and 8.0 keV, respectively.

Alternatively, a novel reconstruction method based on the shortest
path problem in graph theory was recently developed and applied to the
GPD polarimeter [9]. The new method called ‘‘the graph-based recon-
struction’’ in this paper is also applied to our data set. This calculation
needs two parameters: the filter radius to make a reconstructed path
and the distance for exponential decay to generate a distance-weighted
charge map from a reconstructed interaction point. The above radius
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Fig. 3. Modulation curves derived from the different reconstruction methods for 8.0 keV
X-rays. The histograms with circles, squares, and triangles are produced with the single-
stage, two-stage, and adaptive cut methods, respectively. The dashed lines are the best-fit
sinusoidal models to the data.

Fig. 4. Comparison of modulation factors calculated with various methods of angular
reconstruction. The circles, squares, triangles, and inverted triangles show modulation
factors calculated with the single-stage, two-stage, adaptive cut, and graph-based recon-
struction methods, respectively. The horizontal positions of all the data points except for
the triangles are slightly shifted for clarification.

and distance are 0.22 and 0.05 mm in Ref. [9], respectively. In our
case, the two parameters are set to be 0.60 and 0.12 mm to maximize
the modulation factor without a systematic modulation in the energy
range of 2.7–10 keV. Both of them are larger than those for the GPD
polarimeter because the diffusion size in the TPC polarimeter at low
gas pressure is approximately double. In addition, our data set includes
lower-energy and shorter tracks which require the larger radius so that
the almost entire track is used to estimate the X-ray interaction point,
while the GPD data set in Ref. [9] consists of 5–15 keV X-rays. The graph-
based modulation factors plotted in Fig. 4 show that they are comparable
to those determined with the adaptive cut method.

4. Track selection

Event selection with track roundness is capable of further improving
polarization sensitivity. When a photoelectron is ejected in the direction
nearly aligned with an incident X-ray, a 2-D photoelectron track image
projected onto a plane perpendicular to the X-ray direction becomes
a point or a filled circle blurred by electron diffusion. Such a track
image loses the initial direction of the photoelectron or polarization
information of the incident X-ray, and therefore should not be used for
polarimetry analysis.

In order to quantify image roundness, two measures of eccentricity
and circularity are in common use. Eccentricity, 𝑒, is defined here as:

𝑒 =

√

√

√

√1 −
𝑀min

2
𝑀max

2
. (7)

Eccentricity has been used for track selection of X-ray gas po-
larimeters in the past, although it is defined in the different way
(e.g. Refs. [10,15,16]). Alternatively, we introduce circularity, 𝑐, for
track selection. Circularity is often defined as the ratio of the image
area to square of the image perimeter. However, this value changes with
image noise caused by electron diffusion and electronic noise. Instead,
we use a noise-insensitive circularity measure [17] defined as:

𝑐 =
𝜇′2
00

2𝜋(𝜇′
20 + 𝜇′

02)
. (8)

This circularity measure is invariant with translations, rotations, and
scaling and ranges from 0 to 1 in the same way as eccentricity. However,
a circular (straight line) image has circularity of 1 (0) and eccentricity
0 (1), showing the values mean the opposite.

Fig. 5 shows an example of photoelectron track images with eccen-
tricity and circularity measures for 8.0 keV X-rays. The atoll-shaped
track in Fig. 5(b) has similar eccentricity to the round-shaped track
in Fig. 5(a), but different circularity, showing that circularity is a
better indicator of image roundness for such a curved track induced
by high-energy X-rays. On the other hand, in the lower energy range
where the electron diffusion size is larger than the track length, the
round-shaped tracks in Fig. 6 have similar circularity due to its noise-
insensitive quality but different eccentricity. Therefore, eccentricity is
more effective to select low-energy round-shaped tracks than circularity.

In order to optimize track selection with eccentricity and circularity,
we define the figure of merit, 𝐹 ≡ 𝜀

√

𝜇, where 𝜀 is signal acceptance
decreased by track selection and 𝜇 is the modulation factor of the
polarimeter. The figure of merit is derived from the minimum detectable
polarization (e.g. Refs. [18,19]) on the assumption that the background
signal is negligible. In the ideal case, where 𝜇 becomes 100% by
subtracting the unmodulated component from the modulation curve,
𝐹 can improve by 𝜇−1∕2. Since the improvement factor monotonically
decreases with 𝜇 in the range from 0 to 1, track selection can be more
efficient in the lower energy range where 𝜇 is relatively low (see Fig. 4).

We search for the selection criteria which maximizes 𝐹 . In the previ-
ous paper [10], track selection was performed only with eccentricity. In
this study, selection is optimized and performed by using a rectangular
region cut for tracks on a 2-D plane of eccentricity vs. circularity at
each incident X-ray energy. We empirically find that 𝐹 is maximized by
the following condition: [𝑒 > 0.48 and 𝑐 < 𝑐th(𝐸)], where 𝑐th(𝐸) is the
circularity threshold given by the error function, erf, of an energy,

𝑐th(𝐸) = −0.149 erf
[

(𝐸 − 5.53)∕1.38
]

+ 0.851. (9)

The energy, 𝐸, is obtained by scaling the measured pulse height of
each event. Because 𝑐th(𝐸) approaches 1 in the lower energy range,
eccentricity cut is dominantly performed there.

Fig. 7 shows sensitivity improvement by using the above track
selection. The modulation factors with applying track selection are
26.6 ± 0.4, 46.1 ± 0.4, 62.3 ± 0.4, and 61.8 ± 0.3% at 2.7, 4.5, 6.4, and
8.0 keV, respectively. Although the modulation factors are shifted up
∼ 5% at all the energies, polarimetry sensitivity, 𝐹 , is not so effectively
improved because signal acceptance decreases by ∼ 20%. Compared to
the previous work [10], in which we performed the adaptive method
with a different loop condition and selected round tracks only with
eccentricity, polarization sensitivity increases by 5%–10% in the higher
energy range where the newly introduced selection with circularity is
dominant. On the other hand, sensitivity is unchanged in the lower
energy range where tracks are blurred by electron diffusion. Just for
reference, the 8.0 keV modulation factor calculated from the rejected
events is 17.1 ± 1.0%, showing that the event selection is reasonable.
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Fig. 5. Eccentricity and circularity measures for photoelectron track images produced by 8.0 keV X-rays.

Fig. 6. Same as Fig. 5, but the incident X-ray energy is 2.7 keV.

Fig. 7. Comparison of polarization sensitivity. The top, middle, and bottom panels
show the modulation factor, signal acceptance, and figure of merit, respectively. The
multiply and circle symbols represent values with and without the round track selection,
respectively. The circle points in the top panel are the same as those in Fig. 4. The
plus symbols are values in the previous work [10]. The bottom panel shows the relative
improvement of polarization sensitivity with the adaptive cut method; the circle and plus
symbols are figures of merit normalized by the multiply symbols at each energy.

5. Conclusion

We have developed angular reconstruction based on the image
moments of a photoelectron track image taken with the TPC X-ray
polarimeter. The algorithm processes track images in the same way
with energy-independent parameters. The obtained modulation factor
is 21.8±0.4% at 2.7 keV, monotonically increases with the energy, turns
over around 6.4 keV, and shows a roughly constant value of 56% at the
higher energy range. These modulation factors are comparable to those
determined with the algorithm utilizing graph theory. Furthermore,
the round track rejection method using eccentricity and the newly
introduced circularity increases the modulation factors by ∼ 5% at
all the energies at the cost of signal loss by ∼ 20%. The resulting
polarization sensitivity is unchanged in the lower energy range, but is
improved by 5%–10% above 4 keV, compared to the previous work [10].
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